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Final Exam: Advanced Mathematics for Physicists

This exam is closed book, closed notes. It consists of four pages. You have 8 hours.
Carefully justify each step in your reasoning. Good luck!

1 Finite groups and representations

1. The group of quaternions

Let Q be the group generated by the elements €, 14, j, k which satisfy the relations &2 = e,i? =
jr =k =ijk=e,
Q= (i jk:e=ei*=72=k>=ijk=¢).

Q is called the group of quaternions.

(a) Show that p: @Q — GL(2,C) defined by

p(e) = (é (1)> , pli) = (é _OZ> - )= (—01 é) - k)= (3 é)
=3 ) =5 0 wn== (5 8 == ()

is an irreducible representation.
(b) Show that N = (e, €) is a normal subgroup of @, and that Q/N = Zy x Zs.

(c¢) Find 4 inequivalent one dimensional representations of @ (the previous subproblem can
help).

(d) Show that the conjugacy classes of Q are {e},{e}, {i,i '}, {5,571}, {k, k7 1}
(e) Write down the complete character table of Q.

2. The kernel of a character
For this problem, you can use the following proposition without proof:

Proposition: Let G be a finite group and (V,p) a finite dimensional representation. If g € G,
then there ezists a basis of V' such that the automorphism p(g) : V. — V in this basis is given by
a diagonal matriz. If g" = e, i.e. g has order n, then the entries on the diagonal of this matrizc

are n'* roots of unity.

Now let p be an n dimensional representation of the finite group G, and let y be the character
of p.



(a) For g € G, let p(g) = Aid for some A € C, where id indicates the identity automorphism.
Show that |x(g)| = x(1).

(b) Now assume that for g € G, |x(g)| = x(1). Show that p(g) = Aid for some A € C.
(c) Show that kerp ={g € G: x(9) = x(1)}.

The theorem you just proved motivates the following

Definition: If x is a character of G, then the kernel of x, written ker x, is defined by
kerx ={g € G:x(g9) =x(1)} .

. Normal subgroups and lifted characters

In the following, G will always denote a finite group. Note that the last subproblem of this
problem can be solved without solving the previous subproblems, by simply taking the claims
stated there to be true. You may also use the propositions presented in problem 2.

(a) Assume that N < G, i.e. that N is a normal subgroup of G, and let y be a character of
G/N. Define x : G — C by

x(g) =X(Ng) Vged.

Show that x is a character of GG, and that the representations corresponding to x and to x
have the same dimension.

The proposition you just proved motivates the following

Definition: If N < G and X is a character of G/N, then the character x of G which is given
by
x(g) =x(Ng) VgeG

1s called the lift of x to G.

(b) Assume that N < G. By associating each character of G/N with its lift to G, show that
we obtain a bijective correspondence between the set of characters of G/N and the set of
characters y of G which satisfy N < ker y (i.e. N is a subgroup of ker x). What is more,
show that irreducible characters of G/N correspond to irreducible characters of G which
have N in their kernel.

(c) 1. Let x be an irreducible character of G. Show that ker xy < G.

ii. Let x1,...,Xs be irreducible characters of G. Show that (;_, ker x; < G.
iii. If N < G, show that there exist irreducible characters x1, ..., xs of G such that

N = ﬁkerXiQG.
i=1

(d) The dihedral group Dsg, of order 2n is the group generated by two elements a,b which
satisfy the relations a” = 1,b%> = 1,b"tab = a~!

Dop = {a,b:a" =1,0*=1,b"tab=a"1).

The character table of the group Dsg is given in table 1. With its help, determine all normal
subgroups of Dg.



1 a®> a,a® b,a*b ab,a’b
x1 |1 1 1 1 1
xe |1 1 1 -1 -1
x3 |1 1 -1 1 -1
xa |1 1 -1 -1 1
x5 |2 -2 0 0 0

Table 1: The character table of the group Ds.

2 Differential manifolds, Lie groups, and Lie algebras

1. The symplectic group
Let I, € GL(n,C) be the identity matrix. Let

0- 0o I,
—-I, 0)°
We define the complex symplectic group as the space of linear transformations that preserves €,

i.e.

Sp(2n,C) = {A € GL(2n,C) : ATQA =Q} .
As a closed subspace of GL(2n,C), the symplectic group is itself a Lie group.
(a) Identify the Lie algebra sp(2n,C) of the Lie group Sp(2n, C).
(b) Prove your claim.

(c) Give a basis of the complex vector space underlying sp(2n,C) in the case n = 1, and work
out the Lie brackets of its elements.

(d) Identify this Lie algebra with a Lie algebra we encountered in class. What is the corre-
sponding Lie group? Is it isomorphic to Sp(2,C)?

2. G, g,and G x g

(a) Let (U, ) be a coordinate system of the Lie group G, with e € U. Show that this induces
a coordinate system on g, the space of left-invariant vector fields on G.

(b) Let (M, F1) and (Ma, F2) be differential manifolds of dimension d; and da respectively.
Then M; x M5 becomes a differential manifold of dimension dy +ds with differential structure
F defined as the maximal collection containing

{(Ua X VBMPa X 1/16) : (Ua,@a) € Fl:(vﬁawﬁ) c FQ} .

Consider the product manifold M x N with the canonical projections m; : M x N — M
and my : M x N — N. Let (mg,n9) € M x N, and define injections i,, : M — M x N and
imo : N — M x N by setting

ing (m> = (m, no) s lmg (n) = (mo, n) .

Let v € TimgneyM x N, and let vy = dmi(v) € TpyM, and vy = dma(v) € Ty, N. Let
f:M x N — R be C*. Prove that

v(f) = vi(f 0ing) +v2(f 0limg) -



(c)

Consider the differential manifold G x g. Prove that the vector field defined by
V(e,X)=(X(0),0), (6,X)eGxg

is smooth.

3. Vector bundles

Definition: Let M be a differentiable manifold. A (real) smooth vector bundle of rank k over
M is a differentiable manifold E together with a smooth surjective continuous map w: E — M
satisfying

For each p € M, the set E, = 7~ '(p) C E (called the fiber over p) is endowed with the
structure of a k-dimensional real vector space.

For each p € M, there exists a neighborhood U of p in M and a diffeomorphism ® :
71 (U) — U xR* (called a local trivialization of E over U) such that the following diagram
commutes:

U — % L UxRF

(where w1 denotes projection on the first factor); and such that for each q € U, the restriction
of ® to E, is a linear isomorphism from E, to {q} x RF = RF.

Show that the tangent bundle is a smooth vector bundle. What is its rank?

Let 7 : E — M be a smooth vector bundle, and suppose ® : 7= 1(U) — U x RF and
U 77 5V) = V x R* are two smooth local trivializations of E such that U NV # (.
Show that there exists a smooth map 7 : U NV — GL(k,R) such that the composition
DoVl (UNV)xRF = (UNV) x R* has the form

Do U (p,v) = (p,7(p)v),

where 7(p)v denotes the usual action of the k x k matrix 7(p) on the vector v € RF.



