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Some Basics

1. Let us call the two elements of the group G as e and g (here e is the unit and g # e).

If g- g = g, then we can multiply g—! from left to have g = e. This is inconsistent
with the assumption g # e. Therefore, it follows that g - g = e (or in other words,

9 ' =9).
To summarize, the multiplication table is given by

| llely]

el g
e

e
g

One can confirm from this table that {e, g} is a group (associativity, ...).

This multiplication table (and thus the group of order 2) is of course unique. From
this table, it is obvious that this group is Abelian (symmetric under the reflection
with respect to the diagonal line).

. Let us call the three elements of the group G as e, g1 and ga (here e is the unit,

and e, g1 and g9 are different elements).

We first notice that g1 - g2 = g2 - g1 = € (if g1 - g2 = g1 or go, then we can multiply
91 ! from the left or 9oy ! from the right, to get g» = e or g1 = e. This is inconsistent
with the assumption. Thus we have confirmed that g1 - go = e. A similar argument
shows g2 - g1 = €). This then means that go = 91_1 (and g2_1 =q1).

Let us next consider g; - g1. If g1 - g1 = e or g1, then we can multiply g, U from left
(or right, whichever is fine) to get g; = gfl(: g2) or g1 = e. This is inconsistent
with the assumption. Therefore, we conclude that g; - g1 = g7 ! By multiplying
gfl from left or right, we also get gfl ~gf1 =g.

To summarize, the multiplication table is written as
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Ll elao [o]
e [ e | g [g]
g1 g1 91 €
9. o' e | &

One can confirm from this table that {e, g1, g2} is a group (associativity, ...).

This multiplication table (and thus the group of order 3) is of course unique. From
this table, it is obvious that this group is Abelian (symmetric under the reflection
with respect to the diagonal line).

. Since G is a group, g;g € G for elements g;,9 € G. For gi,9; € G (9; # 9),
if ;9 = g;9, then by multiplying ¢! from the right, we have g; = g;- This is
inconsistent with the assumption. Thus we conclude that g;g # g,g for g;,g9; € G
(9i # g;). Therefore, {919, 929, ,99rg} contains all the elements of G and each
element of G appears one and only one time.

. Let us call the four elements of the group G as e, a,b and ¢ (here e is the unit, and
e,a,b and c are all different). It is easy to fill out some part of the multiplication
table as

L

[afb]c]
al|blc

QO QI|D|®

QOIS e |

Let us now focus on a - a. If a-a = a, then by multiplying a~! from the left, we
have a = e. This is inconsistent with the assumption. Therefore, it follows that
a-a=e,bor c. Without loss of generality, we can take as a-a = e or b.

We first consider the case with a-a = b. By noticing that each element of G appears
one and only one time in each column/row, we can fill out the table in the following
way. First, we have

O |®

Then we in the end have
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OIS e |

Q||| D
IO
QIO o
Qoo

Table 1: The first case

Let us now consider another case: a-a = e. By noticing that each element of G
appears only one time in each column/row, we can fill out the table in the following
way. First, we have

[ lefafb]c]
ellelalbdlec
allalel|c]|bd
b|b]|c
cllel|bd

To fill out the rest part, there are two possibilities : (1) b-b = ¢- ¢ = e and
b-c=c-b=a(2)b-b=c-c=aandb-c=c-b=e. The second case, however, is
the same as Table 1 with a and b exchanged. Thus the second possibility is

| lefab]c]

QTR D
SO |||
QLI |0 |
IR O

QS| ®

Table 2: The second case

To summarize, there are two possibilities: Table 1 and 2. One can confirm from
these tables that {e,a,b,c} is a group (associativity, ...). From these Tables, it is
obvious that both of these groups of order 4 are Abelian.

(2) By definition, the left and right inverses of g, if exist, need to satisfy (by denoting
them by g1 and g¢2)

(91-9)(n) = g1(g(n)) =id(n) =n,  (9-g2)(n) = g(g2(n)) = id(n) =7,

respectively, for Vn € N. Thus, the left inverse, if it exists, needs to satisfy ¢1(g(n)) =n
which is equivalent to

gi(n—1)=n (for n > 2), gi(l) =1 (forn=1),
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From the first relation, g; needs to be taken as g1(n) = n+1 for n > 1, but this indicates
91(1) = 2 which is obviously inconsistent with the second relation. Therefore there is no

left inverse.
On the other hand, the right inverse, if it exists, needs to satisfy g(g2(n)) = n which

is equivalent to
g2(n) —1=mn (for ga(n) > 2), n=1 (for ga(n) =1).

Thus we can take go as

Therefore there exists a right inverse.

2 Dihedral Group D;: Symmetry of Equilateral Triangle

1. We can fill out the multiplication table as follows:

o | o2 | o3 |

| e [es[eg |
(& (& C3 Cg I o1 g9 g3
c3 c3 cgl e o3 o1 092
C3 I C3 I e c3 09 o3 o1
o1 o1 09 o3 e c3 | cg I
092 092 o3 o1 Cg I e C3
o3 o3 o1 092 c3 cgl e

Table 3: Multiplication table for D3

Here are some detail of the explicit multiplication. Fist let us call the location of
the vertices 1, 2, 3 in the Figure (I mean at the beginning) as the location 1, 2, 3,
respectively. Then by (mq,mga, m3), we denote that vertices 1, 2, 3 are located at
the location my1, ma, ms, respectively, after transformation(s). Then we can denote
the transformations as

e c: (1,2,3) — (1,2,3)

e c3:(1,2,3) — (2,3,1)

o c;':(1,2,3) = (3,1,2)
e 01:(1,2,3) = (1,3,2)
e 09: (1,2,3) = (3,2,1)
e 03:(1,2,3) = (2,1,3)
Then, as an example, let us consider c3 - c3, o1 - c3, ¢3 - 02 and o1 - 09. They move
the vertices 1,2, 3 as
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o c5-c3: (1,2,3) = (2,3,1) — (3,1,2)
o o1-c5: (1,2,3) — (2,3,1) = (3,2,1)
o c5 00 (1,2,3) = (3,2,1) — (1,3,2)
e 01-09: (1,2,3) — (3,2,1) = (2,3,1)
Therefore we have
63'0320517 01-C3 =02, c3:02 =01, 0102 =¢C3.

One can determine the other entries of the multiplication table in the same way.

. The followings are the subgroups of Ds:
Hy ={e,c3,¢5'}, Hy = {e,01}, H3 = {e, 02}, Hy = {e,03}.

Here is a one way to derive them. First of all, let us find a subgroup containing e
and c3. Then, it needs to contain cgl. Then Hy = {e,c3,c5 11 forms a subgroup.
Similarly starting with e and c; ! one can get H;. Now we consider a subgroup
containing e, c3, cg 1 as well as ;. Then o9 and o3 need to be included to form a
subgroup. This is Ds itself. The result is the same even when one starts with oo
or os instead of oy.

Let us next start with e and 0. These two elements form a subgroup Hs = {e, 01 }.
Once one adds o2, 03, c3 or c5 ! then, to form a subgroup, one needs to add all the
elements of D3. Therefore one always ends up with D3 itself. The argument is the
same when we start with e and o9 or o3.

Therefore the only nontrivial subgroups are H; = {e, 63,051}, Hy ={e,01},Hs =
{e,o2}, and Hs = {e, 03} only.

Note: Here is a little bit quicker way to construct subgroups. In the lecture, it is
shown that the order of a subgroup H of a group G divides the order of GG. Since
the order of S3 is 3! = 6, the order of the subgroup should be either 1, 2, 3 or 6.
This fact simplifies some steps above. The subgroup of order 1 and 6 are trivial
subgroups, {e} and Ds, respectively. Thus the nontrivial subgroups have the order
either 2 or 3. Therefore, in the above step, once one have to add more than three,
one will end up with Ds.

. We first recall the definition of the left coset decomposition. For a group G and its
subgroup H, the left coset decomposition of G is

G=Hg +Hg+---Hg,, (HgiNHg; =0 for i # j),

for some g; € G (i =1,2,---n, and g; # g; for i # j). Usually g; is set to the unit,
g1 = e.

For each subgroup H; (i = 1,2,3,4), H;g (9 € D3) is computed as

H1€:{€703>C§1}7 H1032{63,C3_1,€}, H163_1:{C?:1,€,03},
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Hyoy = {01,03,02}, Hyo9 = {02,01,03}, Hyo3 = {03,09,01},

Hse ={e,o01}, Hycs = {c3, 09}, chgl = {cgl,ag},

Hyor = {o1,€e}, Hyoq = {092,c3}, Hyo3 = {Ug,cgl},

Hse = {e, 09}, Hscs = {c3,03}, chgl = {cgl,al},

Hioq = {01,051}, Hsoy = {09,€}, Hsos = {03,¢3},

Hye = {e,03}, Hycsz = {c3,01}, H4c3_1 = {63_1,02},

Hyo1 = {o1,c3}, Hyoy = {09,¢5'}, Hyo3 = {03,¢} . (2.1)

Thus we have the following ways of the decomposition of Ds

Ds = Hy+Hio; (i=1,2,3),

Hy + Hooo + Hao3 = Hy + Hacz + Haog
Hy + Haoo + Hocy' = Hy + Hacs + Hacy ',
D3 = Hs+ H3o1+ Hsoz3 = Hy + Hzey' + Hacs
Hj + Hzoq + Hscs = Hs + Hsey ' + Hsos,
Hy + Hyoy + Hyoo = Hy + Hycg + Hyoo

= Hy+ Hyoy + Hycy' = Hy + Hycs + Hycy' .

S
I

D3

4. We first notice that

eH, = e, 03,6:;1}, csHy = {03,6:;1,6}, cngl = {03_1,6,63},
o1Hy = {01,03,03}, ool = {02,03,01}, o3H) = {03,01,02},
eHy = {e, o1}, csHy = {e3,03}, cngg = {cgl,ag},

o1Hy = {o1,€}, ooHy = {ag,cgl}, osHy = {03,¢3},

eHs = {e, 09}, c3Hs = {c3,01}, cngg = {03_1,03},

01H3 = {0'1,63}, 02H3 = {02,6}, 03H3 = {03,63_1},
eHy = {e, o3}, csHy = {c3,02}, c§1H4 = {051,01},

O‘1H4 :{01,651}, 02H4:{O'2,63}, O‘3H4 :{0'3,6}.

By comparing with (2.1), the normal subgroup (a subgroup H satisfying gH = Hg
for arbitrary g € D3) is Hy = {e,c3,c3 '} only.

. We first recall the definition of the conjugacy class. For a group G, the elements
a and b are conjugate when gag™' = b, 3g € G. One can see that this is the
equivalence relation (that is, a ~ b is defined by gag™' = b, 3g € G). Then the
conjugacy class of a € G is defined by C(a) = {gag~'|g € G}.

We can construct the conjugacy class systematically in the following way. In Table
3, (i,j)-element is g; - g; (where g1 = e,g2 = ¢3,---). Therefore, if one multiplies
g{l from the right to (¢, j)-element that element turns to g;-g; -g{l and thus all the
elements in the j-th column become conjugate to g;. Then, the elements in j-th
column after multiplied by g, ! from the right to (4, j)-element form the conjugacy
class (corresponding to g;).
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| e es-g [ g; [oi-g; [o2-g; [o3-g; "

e (& C3 C3 o1 () g3
cs e cs C3 I 092 o3 o1
cgl e c3 C3 I o3 o1 09
o1 e 03—1 C3 o1 o3 09
o9 e cgl c3 o3 09 o1
O3 e 03_1 c3 02 o1 o3

Table 4: Table to find the conjugacy classes of Ds

By multiplying g, ! from the right to (i, j)-element g; - gj, we obtain Table 4.
We recall that

el=e, 032051, O';lza'i (for1=1,2,3).

From this, we have three conjugacy classes for the group Djs:
{6}7 {03705;1}7 {01702703}'

—memo—
(i) Here we check that, for a,b € G, “a ~ b < gag~! = b for some g € G” is an
equivalence relation. First of all, a ~ a (for a € G) is satisfied since eae™! = a for the
unit element e of G. Secondly, when a ~ b (for a,b € G), there exists g € G such that
gag~' = b and thus by multiplying ¢g~! from the left and ¢ from the right, we obtain
a =g 'bg = g 'b(g~1)"'. Thus we have b ~ a. Finally when a ~ b and b ~ ¢ (for
a,b,c € G), there exist g,h € G such that gag™' = b and hbh~! = ¢. Then we have
¢ = hgag~'h™' = (hg)a(hg)~! and thus a ~ c. Therefore we have confirmed that this
relation is indeed an equivalence relation.

(ii) Here is a definition of left coset decomposition of a group G. Let us consider a
subgroup H of G. Then we the left coset decomposition is given by

G=Hgi+Hgs+--+Hgy,

for some ¢g; € G (i =1,2,3,--- ,n) satisfying Hg; N Hg; = () for ¢ # j. Usually g is taken
as the unit element e of G. We can carry out the right coset decomposition in a similar
way.

We note that for g, € G, Hg = Hg' or HgN Hg' = (). This can be checked
as follows. If not disjoint, then there exist hi,ho € H such that hig = hog’. This
leads to g = hy'hag’. Since an element of Hyg is of the form hg (h € H), we have
hg = hhi'hag’ € Hg'. Therefore Hg C Hg'. In the same way, we can show that
Hg D Hg'. Thus we conclude that Hg = Hg'.

3 Permutation Group

1. There are 3! = 6 ways of permuting (1,2,3). Thus the order of Ss is 6.
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2. We can carry out the multiplication in the following way :

_ B 1

M- Ty = 3

_ 1

- 3

B 1

o 3

3. We first recall that the elements of Sz are
1 3 1
1 3 ’ 2
1 3 1
1 2 /7 3

From the elements
1 2 3 1 2 3
2 31 )° 21 3 )"

we can generate the rest of the elements of S3 as follows :

NN NNW =N
DN
~_

: 7N
— =
W N W N
[N RNV
~_

W N N DN
NN W N
\_/
N
[\V] W =
N =N

W W N W
N———

s (123 123\ (231 123\ (123
=19 31 231) 312 231) \31 2
s (1 2 3 123\ (231 123\ (123
=131 9 231)7 123 231) 123
/12 3 123\ (231 123\ (123
=19 1 3 231) 132 231) \132)"
(123 123\ (213 123\ (123
=149 3 1 213/ 321 213) \321)"

4. Let us recall Figure in Problem 2. Then the elements of D3 can be regarded as the
permutation of the vertices (1,2,3). More precisely, let us denote the location of
the vertices 1, 2, 3 at the beginning as the location 1, 2, 3. Then we denote the
operation to move the vertices 1, 2, 3 located at the location 1, 2, 3 to the location

mi, My, M3 as
1 2 3
my me m3z )

Then we can identifies the permutations with the elements of D3 as
o 1 2 3 o 1 2 3 1 1 2
‘ 123) 4 2 31)° @ 31
1 2
2 1

. 1 2 3 . 1 2 3 .
71 132/ 2 32 1) 73
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(2) We first confirm that H = {m(g)|g € G} is a subgroup of S,, or S,, itself. Since m(g)
is a permutation of n-elements, it is obvious that H C S,,. Then the next step is to show
that H is a group:

e For a,b € GG, we have

_ a1 * On g1 92 - On
(@) = < a92 o agn ) ( bgi bga - by )
_ ( bg1 bga -+ ban >( g1 g2 o gn )
abgr abgy --- abg, bgi bgy --- by
PR gn
ab91 abgg <o+ abgy
= ) e H. (3.1)

e Let us denote the unit element of G as e. Then

W(e):<gl g2 gn>:<gl g2 gn>‘
€g1 €gz2 -+ €gn g1 g2 - Ggn
Thus 7(e) € H is the unit of S,,.

e Let us consider a € G and denote its inverse as a~! € G. Then we have

R G e G BICTO

g1 a “g2 -+ G “gp 9 g2 - On
Thus we have shown that 7(a~!) € H is the inverse of 7(a) € H.

From these, we conclude that H is a subgroup of .S,, or S, itself.

As a next step, we confirm that 7 is an isomorphic map from G to H. From (3.1), it
is obvious that 7 is homomorphic. For different two elements a,b € G (a # b), ag; # bg;
since the same element never appears in each column of the multiplication table of G.
Thus we conclude that a # b — 7(a) # w(b). This means that 7 is an injection. By
construction of 7, it is obvious that 7 is a surjection. Therefore 7 is an isomorphism
from G to H.

From the above results, we conclude that a group G of order n is isomorphic to a
subgroup of S, or S, itself.

(3) We first notice that

oro ! =o(pipy) - o\ o Py o o e () p )

Thus it is enough to show that

(1), (1) (1y -1

o(pMpiH .. Py )o (1) (1) (1)

=(q1 g "'Q)\l)7

for some q§ ), q(l) -+, ¢W. From now on, we denote (pgl)pgl) . ~pf\11)) as m for simplicity.
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Let us denote o as

< 1 2 ... n )

o= .

ml m2 ... mn

Let us consider the case in which 7 is given by
o 1 2 - XN—=1 X M+1 -+ n
™\l2 3 .. A1 1 M+1 -+ n )’

(that is, when (pgl)pgl) - -pg\ll)) = (12--- A1) ). Then we have

1

ono
. 1 2 - n 1 2 -+« M=1 X M+1 -+ n mi1 meo
S \mi ma - my, 2 3 .- A 1 M+1 - n 1 2
_ 1 2 - n mip Mg o+ M —1 M), Mi4+1 - My

mip Mmg - My 2 3 .- A1 1 M+1 -+ n
:<m1 ma o Mx;—1 My Mi41 mn>

m2 mg - My my Mx+1 - My
_ ( my, mi m2 -0 Mi;—-1 My4+1 - Mp >

my mz mz - mx;,  Mxi+1 - Mp ’

(@M ) =

which is the cycle eqy,)) = (mymamg---my,). For more general 7, we can
confirm the statement in a similar way.

Note on cycle decomposition
We can confirm the cycle decomposition of an element 7 € S, as follows. We notice that
7 is a permutation of {1,2,3,--- ,n}. For a € {1,2,3,--- ,n}, we consider the sequence

CL,?T(CL),?T2(CL), e

When there exist k and [ < k such that 7%(a) = 7'(a), then we have 7%~!(a) = a. Thus,
by taking the smallest r = k — [, we obtain a cycle (am(a)---7""!(a)). We call this cycle
as mg.

Now we take another element b € {1,2,3,--- ,n} such that b ¢ {a,7(a), -+, 7" 1(a)}.
We can then similarly construct a cycle (br(b) --- w5~ 1(b)) for some s. We call this as .

Now we confirm that {a,7(a), -+, 7" 1(a)} and {b, 7(b), - , 75~ 1(b)} are disjoint. If
there exist p < r and q < s such that 7(a) = 7%(b), then b = 7P~9(a) = 7'(a) where t =
p—q (mod 7). This contradicts with the assumption that b ¢ {a, 7(a),--- ,7""(a)}. Thus
we have confirmed that {a,n(a),--- , 7" !(a)} and {b,7(b),--- , w5~ 1(b)} are disjoint.

By repeating this procedure, we can see that 7 is decomposed into cycles as m =
TaTp -+ - where each element of {1,2,--- ,n} appears one and only one time.

10
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