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1 Character for Representation of D3

(1)Let us now take the trace of M(g):

χ(g) = tr(M(g)) =
∑
a

matr(M
(a)(g)) =

∑
a

maχ
(a)(g) .

By multiplying χ(b)(g) and then taking the sum over g ∈ G, we have∑
g∈G

χ(b)(g)χ(g) =
∑
a

ma

∑
g∈G

χ(b)(g)χ(a)(g) = r
∑
a

δabma = rmb .

Here we have used the orthogonality relation for χ(a)(g):

1

r

∑
g∈G

χ(b)(g)χ(a)(g) = δab .

On the other hand, we recall that each element of G belongs to one and only one of
nc conjugacy classes (Let us assume that g ∈ G belongs to two inequivalent conjugacy
classes Ci and Cj with representatives gi and gj , respectively (Ci 6= Cj). Then we have
g = agia

−1 and g = bgjb
−1 for some a, b ∈ G. This leads to gi = (a−1b)gj(a

−1b)−1. From
this we can see that ∀h ∈ Ci belongs to Cj as well. Thus we have Ci ⊂ Cj . We can also
show Ci ⊃ Cj . Thus we conclude that Ci = Cj . Therefore, each element of G belongs
to one and only one of nc conjugacy classes). Thus we can rewrite the sum

∑
g∈G as∑nc

i=1

∑
g∈Ci

. By recalling that the character takes the same value for the elements in
the same class, we have

∑
g∈G

χ(b)(g)χ(g) =

nc∑
i=1

∑
g∈Ci

χ(b)(g)χ(g) =

nc∑
i=1

ri χ(b)(Ci)χ(Ci) .

Therefore, we conclude that

rmb =

nc∑
i=1

ri χ(b)(Ci)χ(Ci) .

By replacing b by a and dividing both sides by r, we obtain the desired expression.
(2)
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1. Taking the trace of the representation matrices, we obtain

χ(e) = 1 + 1 + 1 = 3 , χ(c3) = 0 + 0 + 0 = 0 , χ((c3)
−1) = 0 + 0 + 0 = 0 ,

χ(σ1) = 1 + 0 + 0 = 1 , χ(σ2) = 0 + 1 + 0 = 1 , χ(σ3) = 0 + 0 + 1 = 1 .

(It is enough to compute for a representative of each class, but here we explicitly
computed everything.) That is, we have obtained

χ(C1) = 3 , χ(C2) = 0 , χ(C3) = 1 .

2. By taking the trace of the matrix representations R(1), R(1′) and R(2) for the rep-
resentation ρ(1), ρ(1

′) and ρ(2) as in the previous problem, we obtain

χ(1)(e) = χ(1)(c3) = χ(1)((c3)
−1) = χ(1)(σ1) = χ(1)(σ2) = χ(1)(σ3) = 1 ,

χ(1′)(e) = χ(1′)(c3) = χ(1′)((c3)
−1) = 1 , χ(1′)(σ1) = χ(1′)(σ2) = χ(1′)(σ3) = −1 ,

χ(2)(e) = 1 + 1 = 2 , χ(2)(c3) = −1/2− 1/2 = −1 , χ(2)((c3)
−1) = −1/2− 1/2 = −1 ,

χ(2)(σ1) = 1− 1 = 0 , χ(2)(σ2) = −1/2 + 1/2 = 0 , χ(2)(σ3) = −1/2 + 1/2 = 0 .

Thus we obtain

χ(1)(C1) = χ(1)(C2) = χ(1)(C3) = 1 ,

χ(1′)(C1) = χ(1′)(C2) = 1 , χ(1′)(C3) = −1 ,

χ(2)(C1) = 2 , χ(2)(C2) = −1 , χ(2)(C3) = 0 .

Since r1 = 1, r2 = 2 and r3 = 3, the orthogonality relation is

3∑
i=1

riχ(a)(Ci)χ
(b)(Ci) = r δab

↔ χ(a)(C1)χ
(b)(C1) + 2χ(a)(C2)χ

(b)(C2) + 3χ(a)(C3)χ
(b)(C3) = 6 δab .

For each pair among R(1), R(1′) and R(2), we can compute this left hand side as

(a, b) : χ(a)(C1)χ
(b)(C1) + 2χ(a)(C2)χ

(b)(C2) + 3χ(a)(C3)χ
(b)(C3)

(1, 1) : 1× 1 + 2(1× 1) + 3(1× 1) = 6 ,

(1′, 1′) : 1× 1 + 2(1× 1) + 3((−1)× (−1)) = 6 ,

(2, 2) : 2× 2 + 2((−1)× (−1)) + 3(0× 0) = 6 ,

(1, 1′) : 1× 1 + 2(1× 1) + 3(1× (−1)) = 0 ,

(1, 2) : 1× 2 + 2(1× (−1)) + 3(1× 0) = 0 ,

(1′, 2) : 1× 2 + 2(1× (−1)) + 3((−1)× 0) = 0 .

Therefore, we have explicitly confirmed the orthogonality of the characters for the
irreducible representations.
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3. The simplest way to show is just to use the fact that the number of the irreducible
representation is the same as the number of the conjugacy classes, as proved in the
lecture.

Here is another way to confirm this. We denote the dimensions of the represen-
tations ρ(1), ρ(1

′) and ρ(2) as d1, d1′ and d2, respectively. Since d1 = d1′ = 1 and
d2 = 2, we obtain

d21 + d21′ + d22 = 1 + 1 + 4 = 6 = r .

Since r =
∑

a:irreducible representation(da)
2, we have confirmed that the irreducible

representations of D3 are ρ(1), ρ(1
′) and ρ(2) only.

4. By using the formula we obtained

ma =
1

r

nc∑
i=1

riχ(Ci)χ(a)(Ci) ,

we can compute

m1 =
1

6
[1(3× 1) + 2(0× 1) + 3(1× 1)] = 1 ,

m1′ =
1

6
[1(3× 1) + 2(0× 1) + 3(1× (−1))] = 0 ,

m2 =
1

6
[1(3× 2) + 2(0× (−1)) + 3(1× 0)] = 1 .

This result means that the representation ρ contains one ρ(1) and one ρ(2) as irre-
ducible representations. This is consistent with what we have carried out by using
matrices in Problem 1 of Problem Set No.2.

—-memo—-
For two elements in the same conjugacy class, the characters of a given representation
take the same value. Let us consider a conjugacy class Ci (with a representative gi ∈ G)
of a finite group G which is defined as Ci = {agia−1|a ∈ G}. Then, for g, h ∈ Ci, there
exist a, b ∈ G such that g = agia

−1, h = bgib
−1. Then we obtain gi = a−1ga = b−1hb.

Thus g = ab−1h(ab−1)−1. Now we consider a representation of G and denote matrix
representation as M(g) for g ∈ G. Then for g and h in the same conjugacy class as able,
we have M(g) = M((ab−1)h(ab−1)−1) = M(ab−1)M(h)(M(ab−1))−1. Thus by taking
the trace, we obtain

χ(g) = tr(M(g)) = tr(M(ab−1)M(h)(M(ab−1))−1) = tr(M(h)(M(ab−1))−1M(ab−1))

= tr(M(h)) = χ(h) .

2 Induced Representation

1. What we need to show is∑
l,b

Mia,lb(g)Mlb,kc(g
′) = Mia,kc(gg

′) . (2.1)
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Let us consider the following two cases separately: (1) g−1i gg′gk ∈ H (2) g−1i gg′gk /∈
H.

(1)Let us consider the first case: g−1i gg′gk ∈ H. We first notice that Mia,kc(gg
′) =

mac(g
−1
i gg′gk).

Now we consider g′gk ∈ G. Under the left coset decomposition of G, each element
of G belongs to one and only one of glH’s (l = 1, 2, · · · , n). Therefore, there exits
a unique j such thatg′gk ∈ gjH. Then by multiplying g−1j from the left, we have

g−1j g′gk ∈ H. Since g−1i gg′gk ∈ H, we have g−1i ggj = (g−1i gg′gk)(g
−1
j g′gk)

−1 ∈ H.
On the other hand, from the definition of the right decomposition, we note that
g′gk /∈ glH for l 6= j which leads to g−1l g′gk /∈ H for l 6= j. By using these result we
can obtain ∑

l,b

Mia,lb(g)Mlb,kc(g
′) =

∑
b

Mia,jb(g)Mjb,kc(g
′)

=
∑
b

mab(g
−1
i ggj)mbc(g

−1
j g′gk)

= mac(g
−1
i gg′gk) .

(2) Next we consider the case with g−1i gg′gk /∈ H. We first notice that Mia,kc(gg
′) =

0.

If both g−1i g′gl ∈ H and g−1l g′gk ∈ H were satisfied, then we would have g−1i gg′gk =
(g−1i g′gl)(g

−1
l g′gk) ∈ H. This is inconsistent with the assumption. Therefore, at

least one of g−1i g′gl and g−1l g′gk does not belong toH. ThereforeMia,lb(g)Mlb,kc(g
′) =

0 for any l. Thus we have confirmed that
∑

l,bMia,lb(g)Mlb,kc(g
′) = 0.

To summarize, we have confirmed (2.1).

2. Let us start with

χ
(α)
ind(g) =

∑
A:irrep. of G

n
(α)
A χ

(A)
G (g) .

By multiplying χ
(B)
G (g) and then taking sum over g ∈ G, we obtain∑

g∈G
χ
(B)
G (g)χ

(α)
ind(g) =

∑
A:irrep. of G

n
(α)
A

∑
g∈G

χ
(B)
G (g)χ

(A)
G (g) = p|H|n(α)B .

Here we have used∑
g∈G

χ
(B)
G (g)χ

(A)
G (g) = |G|δAB = p|H|δAB .

On the other hand, since

χ
(α)
ind(g) = tr(M

(α)
ind (g))
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=
∑
i,a

M
(α)
ind,ia,ia(g)

=
∑
a

∑
i:g−1

i ggi∈H

m(α)
aa (g−1i ggi)

=
∑

i:g−1
i ggi∈H

χ(α)(g−1i ggi) .

Then we have∑
g∈G

χ
(B)
G (g)χ

(α)
ind(g) =

∑
g∈G

χ
(B)
G (g)

∑
i:g−1

i ggi∈H

χ(α)(g−1i ggi)

=
∑
g∈G

∑
i:g−1

i ggi∈H

χ
(B)
G (g)χ(α)(g−1i ggi)

=
∑
g∈G

∑
i:g−1

i ggi∈H

χ
(B)
G (g−1i ggi)χ

(α)(g−1i ggi)

=
∑
i

∑
h∈H

χ
(B)
G (h)χ(α)(h)

= p
∑
h∈H

χ
(B)
G (h)χ(α)(h)

= p
∑
h∈H

∑
β:irrep of H

n
(B)
β χ(β)(h)χ(α)(h)

= p
∑

β:irrep of H

n
(B)
β δαβ|H|

= pn(B)
α |H| .

In the middle we have used the orthogonality∑
h∈H

χ(β)(h)χ(α)(h) = |H|δαβ .

We also used the fact that for fixed i, for each element h ∈ H, there exists one and
only one g ∈ G such that h = g−1i ggi. Therefore

∑
g∈G

∑
i:g−1

i ggi∈H is replaced by∑
i

∑
h∈H and at the same time inside of the sum g−1i ggi is replaced by h.

Thus we have confirmed (by replacing B by A)

n
(α)
A = n(A)α .
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