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1 Differential

(1)

1. Let us take v € T, M; and C*° function h defined in the neighborhood of (go f)(p).
Then we have

d(go f)p(v)h =v(hogo f) =dfy(v)(hog) = dgf(p)(dfp(v))h =dgy(p) © dfp(v)h.

2. Let us take v € T, M; and C'™° function h defined in the neighborhood of idys, (p) =
p. Then we have

d(idpr, )p(v)h = v(h oidyy, ) = v(h) = idr,0, (V)h.
Here we have used idr, s, (v) = v.

3. By using the result in the first and second problems we obtain

d(f_l)f(p) odfy = d(f_l o f)p = d(idn,)p = idr, M,
dfp o d(f_l)f(p) =d(fo f_l)f(p) = d(ids,) pp) = ATy M -

(2) Let us recall the coordinate for RP? introduced in Problem Set No.5. The atlas
{(Uz, ¢2), (Uy, ¢y), (U, ¢-)} is defined with the open sets defined by

U$:{[x:y:z]€RP2|m7é0}, Uy:{[at:y:z]eRP2|y7é0}, Uz:{[a::y:z]eRP2|z7éO},

and the maps from these open sets to R? defined by (for later convenience we denoted
the coordinates as ¢, ¢y, ¢. (while in Problem Set No.5 we denoted as ¢, ¢y, ¢-))

oo =(L2) aleivd=(52) 0 aea=(5Y).

x x y oy 2’z

We also note that the inverses of ¢, ¢y, ¢, are

(6) NY,Z)=1:Y: 7], for (Y,Z) € R?,
(o)) U(X,2)=[X:1:27], for (X,Z) € R?,
(6.) 1 X, Y)=[X:Y :1], for (X,Y) € R?.
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1. Let us first consider (Y, Z) € ¢5(U;). Then we have

Z2
-1 _ . . — _
and thus we have
Npoop') 2Y 72
oy (1 +Y24 2227
Apodyt) 27 B 273 2Z(1+Y?)
0Z  1+Y24+272 (14+Y2+22)2 (1+Y2+422)2°

Thus the differential vanishes at [1 : Y : 0] for any Y. In a similar way, we can
show that for (X, Z) € ¢,(Uy), the differential vanishes at [X : 1: 0] for any X.

We next consider (X,Y) € ¢,(U;). In this case, we have

1
-1
XY)=y9(X:YV:1])=————
Yo (V) = (XY 1) = v
and then its derivatives are
ool 2X
0X  (1+X24+Y?2)2’
o) 2Y
oy  (1+X24+Y2)2’
Thus the differential vanishes at [0: 0 : 1].
To summarize, we have found that the differential di), vanishes at p = [1 : Y :

0,[X:1:0],[0:0:1] where X,Y € R.

2. For S? = {(z,y, 2)|2% +y? + 22 = 1}, we use the coordinates introduced in Problem
1-(1)-1, that is, we consider the atlas {(OF, o), (O;t,gog/t), (OF, F)} where the
open sets are defined by

O} = {(z,y,2) € S*|x > 0}, 0, = {(z,y,2) € S®|x < 0},
2 — 2

Of ={(z,y,2) € S|y > 0}, O, ={(z,y,2) € S|y < 0},

Of ={(v,y,2) € S*[z >0}, O ={(z,y,2) € S*z < 0}.

and ¢, gozf/t, @t are maps from the corresponding open sets to a two-dimensional

open disk D? = {(a,b) € R?|a® + b < 1}:

@I(x,y, Z) = 90;($7va> = (y,z),
@;(xaya Z) = 90;(937.%2) = (SU,Z),
o1 (,y,2) = 97 (2,9,2) = (x,y) -

We also recall that the inverses of these maps are

(pz) " (ab) = (£(1 - a® = %)%, a,0),
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(o) Ha,b) = (a,£(1 — a* — b}/ b),
(¢F) " !(a,b) = (a,b,+(1 — a® — b*)'/?).

Here (a,b) € D? = {(a,b) € R?|a®+b? < 1}. For RP?, we introduce the coordinates
in the same way as the previous problem.

Then we can have

bromo(@f)H(ab) = dpom(H(1-a =172 a,0)

_ . a b
B (1—a2—02)1/2" (1—a2—02)1/2) "
¢yOWo(9@;t)—1(a7b) = ¢)yoﬂ-(a’i(1_a2_b2)l/2’b>

_ a b
=+ (1—a2—b2)1/2" (1 —a2—b2)1/2) "
p.omo () a,b) = ¢.om (a,b,:l:(l—a2 —b2)1/2>

_ 4 a b
- (1—a2—02)1/2" (1—a2—b2)1/2) "

Thus we get the Jacobian for ¢; o 7o (¢7) (where i = x,y, 2) as follows:

N 1 1-b  ab
(1 — a2 —b2)3/2 ab 1—a? |-

Then the determinant to this matrix is given by

(1-0?)(1 —a?) — a?b? 1—a? -0 1

(1— a2 —b2)3 (1—a2—b2)3 (1—aZ—b2)2’

which is nonzero for any (a,b) € D?. We have confirmed that the Jacobian is
not degenerate at any (a,b) € D?. At a point p € OZ-jE (1 = z,y,z), the Jacobian
for ¢ o mo ()~ at ¥ (p) gives a coordinate expression of the differential map
dmy,, and thus the non-degenerate Jacobian means that the differential map dm, is
isomorphic. We thus conclude that at any point p € S?, dr, is isomorphic.



